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^vq ■ apply to various commutative and non-commutative noetherian rings. 



(N 



Contents 



+-> t 

1. Introduction 

2. Preliminaries 

3. Functor categories 

4. Resolving subcategories 

5. Applications 

5.1. Cotilting modules 

5.2. Krull dimension in terms of triagle dimension 
■^j - ! 5.3. Derived dimensions and stable dimensions 

5.4. Upper bounds by Noether differents 



References 



9 
9 

n 

12 

13 
11 



1. Introduction 

The notion of the dimension of a triangulated category has been introduced by Rouquier 
[32] based on work of Bondal and Van den Bergh [15] on Brown representability. It 
measures how many extensions are needed to build the triangulated category out of a 
single object, up to finite direct sum, direct summand and shift. For results on the 
dimensions of triangulated categories, we refer to [TJ El [TEJ E7J [36] for instance. 

It is still a hard problem in general to give a precise value of the dimension of a 
given triangulated category. The aim of this paper is to provide new information to this 
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problem. We give upper bounds of the dimensions of derived categories in terms of global 
dimensions. A prototype of our approach is given by an inequality 

(1.0.1) tri.dimD b (modA) < gl. dimEnd A (M) 

for a noetherian algebra A and a generator M of A, where tri. dimT denotes the dimen- 
sion of a triangulated category T. This observation was applied to study representation 
dimension [231 M, HQ . 

Let T be a triangulated category and X a full subcategory. This paper introduces and 
studies the dimension 

X-Xx\. dimT 

ofT with respect to X, which measures how many extensions are needed to build T out 
of X, up to finite direct sum, direct summand and shift. A similar notion called level was 
studied by Avramov, Buchweitz, Iyengar and Miller [12], which is defined for each object 
of T. 

In this paper, first we generalize the inequality (11.0. ip by replacing the right hand side 
with the global dimension of a functor category. In representation theory, to study a 
category X of representations of A such as mod A, CM (A) and D b (modA), the functor 
category mod X plays a crucial role [9]. For example, it follows from a basic observation in 
Auslander-Reiten theory that projective resolutions of simple objects in mod X correspond 
to almost split sequences in X [H [35] • Our first main result is the following theorem. 

Theorem 1.1. Let A be an abelian category, and X a contravariantly finite subcategory 
which generates A. Then 

X-tri. dimD b Ol) < gl. dim(mod X). 

One can recover (11. 0.11) by letting X = addM. For a cotilting module T we apply this 
result to the full subcategory X? of mod A consisting of modules X with Ext^°(AT, T) = 
to get: 

Corollary 1.2. Let A be a noetherian ring and T a cotilting module. Then it holds that 
Xx-tri. dim D b (mod A) < max{l, inj. dimT}. 

For example, when R is a Cohen-Macaulay local ring with a canonical module, the above 
result induces an inequality 

(1.2.1) CM(R)- tri. dim D b (mod R) < max{l, dimi?}. 

In particular, if R has finite Cohen-Macaulay representation type, then the inequality 
tri. dim D b (modi?) < max{l,dimi?} holds. 

Next, we give another approach based on Cartan-Eilenberg resolutions in derived cat- 
egories. We prove the following theorem as our second main result. 

Theorem 1.3. Let A be an abelian category with enough projective objects. Let d > 
be an integer, and X a resolving subcategory containing the d-th syzygies of objects in A. 
Then one has 

X-tri. dimD b (^l) < max{l,d}. 
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This result also recovers the inequality ( |1.2.ip . removing the assumption that R possesses a 
canonical module. Furthermore, for a reduced affine algebra it enables us to reproduce the 
Krull dimension from the dimension of a derived category with respect to a subcategory: 

Corollary 1.4. Let R be a finitely generated reduced commutative algebra over a field. 
Then there is an equality 



where FR(i?) denotes the full subcategory of mod R consisting of modules that are locally 
free on the regular locus of R. 

This corollary recovers a result of Rouquier [32] : if R is a polynomial ring over a field, then 
dim R = tri. dim D b (mod R) holds. The notion of the dimension of a triangulated category 
has been introduced as a trial to formulate the Krull dimensions of rings and schemes in 
terms of the triangulated structure of their derived categories. However, it turned out 
that the dimension of a derived category is often different from the Krull dimension. We 
hope that the notion of dimension with respect to a subcategory which we introduce in 
this paper can achieve that trial, although the above result is itself still unsufficient since 
the definition of FR(i?) requires information on localizations of i?-modules. 

This paper is organized as follows. In Section [2j we give preliminary results. In Section 
|3l we recall basic properties of functor categories and give our first main Theorem 11.11 In 
Section HI we give an approach based on Cartan-Eilenberg resolutions in derived categories 
and prove our second main Theorem 11.31 In Section [51 we give a lot of applications 
for Iwanaga-Gorenstein rings, commutative Cohen-Macaulay rings and finitely generated 
commutative algebras over fields. 



This section is devoted to stating some basic definitions and preliminary results. 
Throughout this paper, we assume that all rings are associative, noetherian and with 
identity, and that all subcategories are full and closed under isomorphisms. A triangle in 
a triangulated category always means an exact triangle. The following notation will be 
used. 

Notation 2.1. Let A be an additive category. We denote by proj A the subcategory of 
A consisting of projective objects of A. For a subcategory X of A, we denote by add X 
the smallest subcategory of A containing X which is closed under finite direct sums and 
direct summands. We denote by C h (A) the category of bounded complexes of objects of 
A. When A is abelian, the bounded derived category of A is denoted by D b (^4.). For a 
ring A, let mod A denote the category of finitely generated right A-modules. We simply 
write proj A instead of proj (mod A). For a commutative Cohen-Macaulay local ring R, 
we denote the category of (maximal) Cohen-Macaulay i?-modules by CM(R). 

The concept of the dimension of a triangulated category has been introduced by 
Rouquier [32]. Now we recall its definition. 




dim R = FR(R) - tri. dim D b 



(modi?) 



2. Preliminaries 




Definition 2.2. Let T be a triangulated category and X, y be subcategoies of T. 
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(1) We denote by X*y the subcategory of T consisting of objects M that admit triangles 
X -> M -> F -> X[l] with and 7 6 y. Then (X * y) * Z = X * (y * Z) 
holds by octahedral axiom. 

(2) Set (X) := add{X[i] \ X & X ,i £ Z}. For a positive integer n, let 

(*>I = (*)n : = add(<*>*<*> *_■*(*))• 

Clearly is closed under shifts. 

(3) For a subcategory X of T, we define 

X-trl dimT := inf{n > | T = (^) n+1 }. 

The (triangle) dimension of T is defined as 

tri. dimT := inf{ (add M)-tri. dimT | M £ T}. 

It is often that tri. dim D b (*4.) is called the derived dimension of A. For a ring A, we 
call the dimension tri. dimD b (modA) the derived dimension of A. 
The following easy observation will be used later. 

Lemma 2.3. Let F : T — >■ T' be a dense triangle junctor of triangulated categories. Let 
X be a subcategory ofT and n > 0. If T — (X) n , then T' = (FX) n . 

Let A be an abelian category with enough projective objects. As usual, the projective 
dimension of an object M £ A is the infimum of the integers d such that there exists an 
exact sequence — > — > P d ^i —»•-••—)• P — >• M — )• with Pj £ proj ^4 for all i. We 
denote by gl. dim*4 the supremum of the projective dimensions of objects of A and call 
it the global dimension of A. 

The result below gives a relationship between global dimension and derived dimension, 
which follows from ^2T\ (2.4) and (2.5)]. 

Proposition 2.4. Let A be an abelian category with enough projective objects. Then one 
has (proj A) -tri. dimD b (*4.) = gl. dim .A. 

We end this section with a useful information which sharpens a result in [21]. Let A 
be an abelian category with enough projective objects and C a subcategory of A. For a 
positive integer n, we denote by Q n C the subcategory of A which consists of objects X 
admitting an exact sequence — > X — > P re _i — > ■ ■ ■ — > Pq — > C — > with C £ C and 
Pi £ proj A for all i. Note that Q n C contains proj A. 

Proposition 2.5. Let A be an abelian category with enough projective objects. For every 
M £ D h (A), there exists a triangle Z -»• M -»• B K[l] with Z £ (Q?A) and B £ (QA) . 
In particular, one has D h (A) = (QA) 2 - 

Proof. Let M be an object of D b (^4). We can regard M as a right bounded complex 

( > P i ^ ■ ■ • >■ P b ^ 0) of objects in proj A. There exists an integer a such that 

FTM = for all i < a. For each i £ Z, let be the kernel of ef . Using truncation, we 
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can assume M = (0 — > Z a — > P a — > ■ ■ ■ — > P b — > 0). Consider the monomorphism 



M 



(0 



(0 



z a 



z a 



z a 



7CL+1 



o. Z b-\ _2_ 



Z l 



P 



_ pa+l d . 



d'- 



p6 _l p 



b d h 



0) 

0) 



in C h (A). The cokernel of / in C b (^4) has the form 



B := (0 ->• 5 a A B a+1 -4 • ■ ■ A fi 6 - 1 0), 
where is the image of d l for all i. Therefore we get a triangle 

Z -4 M -> B -> Z[l] 

in D b (^l). We observe that Z ^ ©- =a +i ^Hl and 5 - 0*=a in D b (^)> an d that 

Z % G f2 2 *4 and B l G f2.A for all %. Now the proof is completed. □ 

3. Functor categories 

In this section, an upper bound of triangulated dimension is given in terms of the global 
dimension of a functor category. 

Let X be an additive category. An A'-module is an additive contravariant functor 
from X to the category of abelian groups. A morphism between ^-modules is a natural 
transformation. For any object X G X, the functor Hom^(- , X) is an Af-module. We say 
that an A'-module F is finitely presented if there is an exact sequence Hom^(— , X%) — > 
Hom^(— , Xq) — > F — > with X ,Xi G X [U [35]. The category of finitely presented X- 
modules is denoted by modA\ The assignment X h-> Hom^(- ,X) makes a fully faithful 
functor X — > mod X, which is called the Yoneda embedding of X. 

We recall here a well-known criterion for vcvodX to be abelian. Let X be an additive 
category and / : X — > Y be a morphism in X. A morphism g : Z — > X in X is called 
a pseudo-kernel if Hom^(— , Z) — > Hom^(— ,X) — > Hom^(— ,Y) is exact on X. We say 
that X has pseudo-kernels if all morphisms in X have pseudo-kernels. 

Proposition 3.1. [5] Let X be an additive category. Then mod X is an abelian category 
if and only if X has pseudo-kernels. 

Now we give a class of additive categories having pseudo-kernels. We say that a sub- 
category X of an additive category A is contravariantly finite if for any object M G A 
there exist X & X and a morphism / : X — >• M such that Hom^(X', /) is surjective for 
all X' G X [TT] . Dually, we define a covariantly finite subcategory. A covariantly and 
contravariantly finite subcategory is called a functorially finite subcategory. 

Example 3.2. Let A be an additive category and X be a contravariantly finite subcat- 
egory of „4. If A has pseudo-kernels, then X also has pseudo-kernels. Hence if A is an 
abelian category, then so is mod X. 

Let A be an abelian category and X be a subcategory of ^4. We say that <Y generates 
A if for any object M of A there is an epimorphism X — > M with X e X. 
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Definition 3.3. Let A be an abelian category and X be a contravariantly finite sub- 
category of A. We denote by ^ : A — > modX the functor which sends M G A to 
Hom^(— ,M). For any F G modX, take a projective presentation 

*(a) 



(3.3.i; 



^> *(X ) -> F -> 



of F with Xo,Xi G A\ Then define $(F) by an exact sequence 
(3.3.2) I^Io^ $(F) -> 

in A. This makes a functor $ : mod A 7 — > A. 

Remark 3.4. Note that does not depend on the choice of projective presentations 

of F. Indeed, take another projective presentation 



*03) 



> #(y ) — >• f — >• o 



of F with y ,yi G A\ Since ^(X ),^(X 1 ),^(Y ) and are projective, there is a 

commutative diagram 

*(X ) 



*(/3) 



*(7) 

*(y ) 

#(7') 
V(X ) 



of morphisms in mod X. It is easy to see that ^(ljfo — Vt) factors through \l/(a). We 
have a commutative diagram 



X - 

7 

-y - 

7' 
x - 



$(F) 
/ 

M- 







9 

$(F) 







of morphisms in A with exact rows. By Yoneda's lemma, lx — 7*7 factors through a. 
This implies = 7r(lx — V7) = (1$(f) — fi 1 /) 71 "- Since 7r is an epimorphism, we observe 
= A similar argument shows that M is isomorphic to $(F). 

The following theorem is crucial to prove the main result of this section. 

Theorem 3.5. Let A be an abelian category, and let X be a contravariantly finite sub- 
category of A. Then the following hold. 

(1) ($, is an adjoint pair. Hence $ is right exact and ^ is left exact. 

(2) // X generates A, then $ is dense and exact, and is isomorphic to the identity 
functor. 
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Proof. (1) The second statement is a general property of adjoint pairs. Let F £ mod X and 
M eA. Applying Hom A (-, M) to (13X2|) and Hom modyl (-, *(M)) to (13XTT) respectively, 
we have a commutative diagram 

— Honu($(F), M) Hom^(X , M) Hom^ 4 (X 1 , M) 











Hom modA .(F, tt(M)) Hom mod *(* (*o), tt(M)) 



Hom mod *(*(*i),*(M)) 



such that the vertical arrows are isomorphisms by Yoneda's lemma. Now the desired iso- 
morphism Honu($(F),M) = Hom mod ^(F, \I/(M)) is obtained, which shows that ($, \l>) 
is an adjoint pair. 

(2) (i) We show that the counit — > 1^ is an isomorphism if X generates A. Fix any 
M £ A. By our assumptions on X, there exists an exact sequence X\ A- Xq — > M — > 

with X ,X 1 £ X such that *(X ) *(M) -> is exact. Then this gives 

the sequence fl3XT|) for F := *(M), and it follows that $*(M) = M. 

/ 3 *(/) 

(ii) Let L — >■ M — >■ iV be a complex of objects of .4.. If the complex ^/(L) > 

ifi(n) f a 

*(M) — (JV) is exact, then so is L -4 M -4 JV. 

Indeed, since \1/ is left exact, the kernel of ^{g) coincides with \I/(Kerg). There is a 
morphism h : L — > Kerg, and the assumption implies that ^(h) : ^(L) — > \l/(Ker g) is an 
epimorphism. Thus any morphism from X to Ker g factors thorugh h. Since X generates 
A, it follows that h is an epimorphism. 

(iii) We show that $ is exact if X generates A. Since $ is right exact, we have only to 
prove that $ preserves monomorphisms. Let / : F — > G be a monomorphism in mod X. 

Take projective resolutions (13.3. 1 j) of F and ^(Y 2 
G. Since V(X ) and 



*(7) 



> ^(n) ^4 *(y ) -> g -»• o of 



are projective in mod A", there is a commutative diagram 

*(a) 



*(F 2 



*(X ) - 

*(y ) - 



/ 











*(7) *C8) 

of morphisms in mod A with exact rows. Since / is a monomorphism, the sequence 



^>{X 1 ®Y 2 



*(a) 
#(7) 



is exact in mod A. By (ii) we get an exact sequence 



(3.5.1; 



a 
— h 7 



>x ©r 1 ^r 



in ^4. There is a commutative diagram of morphisms in A 



F 9 



Yi 



Yn 



*(/) 

KC7)- 
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with exact rows, and we see by (13.5. ip that $(/) is a monomorphism. □ 

Now we can prove the main result of this section. 

Theorem 3.6. Let A be an abelian category and X a contravariantly finite subcategory 
which generates A. Then there is an inequality X-tii. dim D b (^4) < gl. dim(mod X) . 

Proof. We may assume d := gl. dim(mod X) < oo. Since mo&X has enough projective 
objects with proj(modA') = add 1 S r (Af), it holds that D b (mod/t) = (^>(X)) d+1 by Lemma 
12.41 Using the dense triangle functor D b (mod X) — > D b (^4) given in Theorem 13.51 we have 
D b („4) = {m(X)) d+1 = (X) d+1 by Lemma £3 □ 

4. Resolving subcategories 

In this section, we give another approach to give upper bounds of dimensions of de- 
rived categories by carefully observing classical Cartan-Eilenberg resolutions. Our result 
Corollary 14.41 gives a generalization of the inequality in Propositon 12.41 due to Krause and 
Kussin [27] . Note that Assadollahi and Hafezi gave a different generalization in [3j Lemma 
3.3]. 

Let A be an abelian category with enough projective objects. We say that a subcategory 
J 77 of A is resolving if 

• T contains proj A, 

• T is closed under direct summands, and 

• for every exact sequence 0— > L — > M — > N — > in A with iV G J 7 one has L G J 77 
if and only if M 6 J. 

The main result of this section is the following. 

Theorem 4.1. Let A be an abelian category with enough projective objects and T a 
resolving subcategory. Let d > and M G D b (*4.) with Vt d {WM) G J 7 for all i G Z. Then 
M belongs to (J T ) m3Jc{2)d+iy 

This theorem follows from the following two lemmas. 

Lemma 4.2. Let d < 1. With the notation of Theorem \4-l\ one has M G {J r ) 2 - 

Proof. We use the same notation as in the proof of Proposition 12.51 Let us inductively 
prove that B l G J 7 and Z l G J 77 for any i. Clearly, this is the case for sufficiently large i. 

(1) We have an exact sequence — > Z' 1 ^ 1 — > P'^ 1 — > B> % — > 0. Hence B l G J 7 implies 
Z l ~ l G J 77 . 

(2) There exists an exact sequence — > B l — > Z 1 — > fPM — >■ 0. Taking the pull-back 
diagram of Z % — > WM and a surjection Qi — > WM with Qi projective, we get an exact 
sequence Q(ffM) -> B l © Q Z l 0. Since fi(HW) belongs to J 77 , it holds that 
Z i G J 7 implies B i G J 77 . 

Thus, Z and B belong to (J 77 )- Since there exists a triangle Z — > M — > B — > Z[l], the 
object M is in (J 77 ) 2 - D 

The result below is obtained by observing classical Cartan-Eilenberg resolutions. See 
also [27J, Lemma 2.5] and [H Proposition 3.2]. 



DIMENSIONS WITH RESPECT TO SUBCATEGORIES 







Lemma 4.3. Let A be an abelian category with enough projective objects. For any M G 
D b (^4) there exists a triangle N ->■ P ->■ M -»■ AT[1] m D b (^4.) with P G (pro] A) and 
HW ^ O(FTM) /or all i G Z. 



Proof of Theorem \4-P The assertion follows inductively from Lemmas 14.21 and 14.31 □ 



Let ^4 be an abelian category with enough projective objects, and let C be a subcategory 
of A We denote by resC the smallest resolving subcategory of A containing C. Our 
Theorem 14.11 immediately yields the following corollary. 

Corollary 4.4. Let A be an abelian category with enough projective objects and d > 0. 
Then one has Tes(Q d A)-tn. dimD b (^4) < max{l,cZ}. 

Example 4.5. Consider one of the following two situations. 

(1) Let R be a commutative Cohen-Macaulay local ring of Krull-dimension d, A be an 
border (i.e., A is an i?-algebra and A G CM(R) [SI US]), and CM(A) := {X G mod A | 
X G CM(R)} be the category of (maximal) Cohen-Macaulay A-modules. 

(2) Let A be an Iwanaga-Gorenstein ring with self-injective dimension d (i.e. A is a 
noetherian ring satisfying inj. dim A A = d = inj. dim Aop A [26J), and CM (A) := {X G 
mod A | Ext\(X, A) = for any % > 0} be the category of (maximal) Cohen-Macaulay 
A-modules. 

Then one has 

(4.5.1) CM(A)-tri.dimD b (modA) < max{l,d}. 

In particular, if A is representation-finite (i.e. CM(A) has an additive generator), then it 
holds that tri. dim D b (mod A) < max{l,d}. 

Note that if A is a Gorenstein i?-order (i.e., Hohir(A,cjr) is a projective A-module, 
where ur is a canonical module of R), then A is an Iwanaga-Gorenstein ring and the 
categories CM(A) defined in Example 14.5( 1) and (2) are the same. 

5. Applications 

In this section, we give a lot of applications for Iwanaga-Gorenstein rings, commutative 
Cohen-Macaulay rings and finitely generated commutative algebras over fields. Through- 
out this section, let A be a ring. 

5.1. Cotilting modules. In representation theory, the notion of tilting mod- 
ules/complexes plays an important role to control derived categories [30J. Its dual notion 
of cotilting modules was studied by Auslander and Reiten as a non- commutative general- 
ization of canonical modules over commutative rings [3, El HQ] • In this section, we apply 
the results in the previous section to rings admitting cotilting modules. Let us begin with 
recalling the definition of a cotilting module. 

Definition 5.1. Let T be a finitely generated A-module. Denote by Xt the subcategory 
of mod A consisting of modules X with Ext\(X,T) = for all i > 0. We call T cotilting 
if it satisfies the following three conditions. 

(1) The injective dimension of the A-module T is finite. 
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(2) Ext\(T,T) = for all z > (i.e., T G X T ). 

(3) For any X G Xt, there exists an exact sequence — > X — > T' — > X' — > in mod A 
with V G addT and X' G X T . 

Example 5.2. (1) Let R be a commutative Cohen-Macaulay local ring with a canonical 
module ojr. Then ojr is a cotilting module over R and X ulR = CM(R) holds. Let 
A be an i?-order. For any tilting A op -module T in the sense of Miyashita j2S] with 
T G CM(R), the A-module Hohir(T, u)r) is cotilting. For the cotilting A-module 
co A := Hom_R(A, ui R ) it holds that X UA = CM (A). 

(2) Let A be an Iwanaga-Gorenstein ring. Then A is a cotilting module over A, and hence 
X A = CM (A). 

Let T be a cotilting module over A. For any M G mod A, we define du to be the 
minimum integer n satisfying Ext^(M, T) = for any i > n. Clearly, cLm < inj.dimT. 
The next result is fundamental in Auslander-Buchweitz approximation theory. 

Theorem 5.3. [7] Let T be a cotilting module over A. Then for any M G mod A, there 
exists an exact sequence 

0^T d ^ T d _! ► T x X M 

with d = dM, X G Xt and T\ G addT for all 1 < i < d. Hence the subcategory Xt of 
mod A is a contravariantly finite subcategory which generates mod A. 

Immediately we have the following inequality, which is a special case of (25J (2.6.1)]. 

Proposition 5.4. [25] Let T be a cotilting module of A. Then one has 

gl. dim(mod Xt) < max{2, inj. dimT}. 

Now the result below is obtained. 

Corollary 5.5. Let T be a cotilting module over A. Then one has 

AV-tri. dim D b (mod A) < max{l, inj. dimT}. 

Proof. Theorem 15.31 implies that Xt is a contravariantly finite subcategory of mod A gen- 
erating mod A. By Theorem 13.61 and Proposition 15.41 we have Xt- tri. dim D b (mod A) < 
max{2, inj. dimT}. If inj.dimT < 1, then f2(modA) is contained in Xt, and 
Xt- tri. dim D b (mod A) < 1 by Proposition 12.51 □ 

Remark 5.6. If inj.dimT = 0, then the inequality Xt- tri. dim D b (mod A) < inj.dimT 
does not necessarily hold. Let A be a finite dimensional non-semisimple self-injective 
algebra over a field. Then the A-module A is a cotilting module with inj. dim A = and 
X\ = mod A. However, (mod A) is different from D b (modA). 

We close this subsection by giving more general upper bounds for the derived dimen- 
sions. Let A be a ring and T a cotilting A-module. Recall that a subcategory C of Xt 
is n-cluster tilting (or maximal (n — 1)- orthogonal) [24"l [25] if C is a functorially finite 
subcategory of Xt and 

C = {X G X T I Ext A (C, X) = for any < i < n} 
= {X G Xt I Ext\(X, C) = for any < i < n}. 
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The following result holds, where the case n = 1 is an analogue of Corollary 15.51 

Proposition 5.7. There is an inequality C-tri. dim D b (mod A) < max{n + 1, inj. dimT}. 

Proof. It is shown in [25*1 (2.6.1)] that gl. dim(modC) < max{n + 1, inj. dimT}. Thus the 
assertion immediately follows from Theorem 13.61 □ 

5.2. Krull dimension in terms of triagle dimension. The purpose of this subsection 
is to show that our triangle dimension with respect to a subcategory gives a formulation 
of the Krull dimensions of rings in terms of the triangulated structure of their derived 
categories. 

Let R be a commutative ring, and let A be an .R-algebra which is a finitely generated 
faithful -R-module. We define the singular locus by 

Sing^A := {p 6 Speci? | gl. dimA p > dimi? p }. 

When A = R, this gives the usual singular locus Sing R of R, that is, the set of prime 
ideals p of R such that the local ring R v is not regular. For a subset W of SpecR, let 
NP~ 1 (W / ) be the subcategory of mod A consisting of modules X such that X p G proj A p 
for all p G Spec R \ W. We start by making a lemma. 

Lemma 5.8. Let R be a commutative ring and and A be an R-algebra which is a finitely 
generated R-module. Then the following hold. 

(1) NP _1 (Sing K A)-tri. dimD b (modA) < max{l, dimi?}. 

(2) NP -1 (SpecR\ {p})-tri.dimD b (modA) > gl. dim A p /br any p G Spec R. 

Proof. (1) Let d = dim/?. For a prime ideal p of R which is not in Sing^A, we 
have (n d (modA)) p C f2 d (modA p ) C projA p , as gl. dimA p = dimi? p < d. Hence 
f2 d (modA) is contained in NP~ 1 (Sing i j A), and the assertion follows from Corollary I4.4[ 
since NP~ 1 (Sing R A) is a resolving subcategory of mod A. 

(2) Let d = gl. dimA p . Assume that the left hand side is at most d—1. Then we have 
D (mod A) = (NP _1 (SpecR\ {p})) d . Localizing this at p, we see that D fmodAn) = 
(NP" 1 (Spec R \ {p}) P ) d C (proj A p ) d . This contradicts Proposition El □ 

The proposition below immediately follows from Lemma 15.81 

Proposition 5.9. Let R be a commutative ring of positive Krull dimension. Let A be an 
R-algebra that is a finitely generated R-module. Assume that there exists a maximal ideal 
m of R such that gl. dimA m = dimi? m = dimi?. Then one has 

dimi? = NP _1 (Sing fl A)-tri. dim D b (modA). 

Proof. Since Sing R A is contained in Speci? \ {m}, we have 

NP~ 1 (Sing i? A)-tri. dim D b (mod A) > gl. dimA m = dimi? 

by Lemma [5.81 (2). The converse inequality follows from Lemma [5.8( 1). □ 

Now our purpose of this subsection can be fulfilled. 
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Theorem 5.10. Let R be a finitely generated commutative algebra over a field. Suppose 
that R p is a field for some p G SpecR with dimi?/p = dimi? (e.g. R is reduced). Then 
there is an equality 

dimi? = NP -1 (Sing tri. dim D b (mod.R). 

Proof. We find an ideal J of R such that Singi? = V(J). By assumption, (J + p)/p is 
a nonzero ideal of the integral domain R/p that is finitely generated over a field. Hence 
there exists a maximal ideal m/p of R/p which does not contain (J + p)/p. Note that 
dimi? m = dimi? and that R m is regular. The equality in the theorem follows from 
Proposition 15.91 □ 

We should remark that the right hand side of the equality in the Theorem 15.101 is 
independent of the Krull dimension of R. So, in the case where R is a finitely generated 
reduced commutative algebra over a field, the Krull dimension of R is determined by the 
triangulated structure of D b (mod-R) and the singular locus of R. 

5.3. Derived dimensions and stable dimensions. In this subsection, we investigate 
the relationship between derived dimensions and stable dimensions. 

Let A be an Iwanaga-Gorenstein ring. Let CM(A) denote the stable category of CM(A). 
This category is defined as follows: the objects of CM (A) are the same as those of CM(A), 
and the hom-set Hom CM fA) (M , N) is the quotient group of Hohia(M, N) by the subgroup 
consisting of morphisms factoring through projective modules, which is usually denoted 
by Hom A (M, N). It is known that CM(A) is a triangulated category [T7J [22], and its 
triangle dimension tri. dimCM(A) is called the stable dimension of A. Since there is a 
dense triangle functor D b (modA) — > CM (A) [17], the stable dimension is bounded above 
by the derived dimension: 

tri. dim CM(A) < tri. dim D b (mod A) 

holds by Lemma [2.31 

Let C be a subcategory of CM(A) and n a positive integer. Then we denote by Q~~ n C 
the subcategory of CM(A) consisting of objects X that admits an exact sequence — > 

C P° ->• > P n ~ l X in CM(A) with each P i projective and C EC. Note 

that Vt~ n C contains proj A. 

Lemma 5.11. Let A be an Iwanaga-Gorenstein ring with self-injective dimension d. If 
there exists a subcategory X o/CM(A) such that CM(A) = (X) n+1 for some non-negative 
integer n, then we have 



D b (modA) = (X n ) 



max{2,d+l}-(n+l) 



where X n = [j iez n i X 



Proof. In view of ( fOTTj) . it suffices to show that if M e CM(A) belongs to (X)^[ A \ then 
it is in (Af n )^™ odA \ We use induction on m. It is clear when m = 0, so assume m > 0. 
Then there is a triangle 

X -» M@M' ->■ Y 
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in CM (A) with X £ (X)— and Y £ (X)^^ . This gives rise to an exact sequence 

0^X^M®M'®P^Y^0 
in mod A for some P £ proj A. The basis and hypothesis of the induction show that 

X £ (^^)D b (modA) y e ^D"(modA)_ ft follows ^ M j g in ^n^modA^ Q 

The following inequality is obtained by using Lemma 15.111 

Proposition 5.12. Let R be a d- dimensional hyper surf ace. Then one has 

tri. dim D b (modi?) + 1 r , 

j; - ' < max{2, d + 1}. 

tri.dimCM(i?) + l ~ 1 ' 1 

Proof. Putting n = tri. dim GM(R) , we have CM(ifl = (G)™j R) for some G £ CM(R). 
Since i? is a hypersurface, any M £ CM(R) is isomorphic to f2 2 M in CM(i?) (cf. [35]). 
It now follows from Lemma 15.111 that 

D b (modi?) = (G © QG © AJ^Sh^, 

which yields the inequality in the proposition. □ 

Example 5.13. Let A; be a field of characteristic zero and let R = k[[xo, ■ • • ,Xd]]/(f) 
with / £ (x , • • • , Xd) 2 ■ Then one has 

tri. dim D b (modi?) < 2max{2, d + 1} ££(R/(df)) - 1, 

where (df) = (J^, • • • , ■§£-)R is the Jacobian ideal (see also the next subsection) and 
££(—) denotes the Loewy length. 

Indeed, by [El Proposition 4.11], we have tri. dim CM(R) < 2££(R/(df)) - 1. Hence 
the assertion follows from Proposition 15.121 

Example 5.14. Let R be a rf-dimensional complete local hypersurface over an alge- 
braically closed field of characteristic not two. Suppose that R has countable Cohen- 
Macaulay representation type (i.e., there exist countably many isomorphism classes of 
indecomposable Cohen- Macaulay i?-modules). Then there exists G £ CM(i?) such that 
D b (modi?) = (G © © -R) 2 . ma x{2,d+i}- Hence one has 

tri. dim D b (modi?) < max{3, 2d + 1}. 

In fact, by Theorem 1.1] there exists G £ CM(i?) such that any Cohen-Macaulay R- 
module X admits an exact sequence — > G\ — > X®R! — > G2 — > with G\, G2 £ {G, QG} 
and R! £ proj R. Therefore CM(i?) is contained in (G © QG © R)f (raoAR \ and the 
inequality is obtained by (I4.5.ip . 



5.4. Upper bounds by Noether differents. In the recent work [20], Dao and Taka- 
hashi have obtained some upper bounds for the triangle dimension of the singularity 
category of a commutative Cohen-Macaulay local ring with an isolated singularity, by 
using Noether differents and Jacobian ideals. In this subsection, we give upper bounds 
for the derived dimensions in terms of Noether differents and Jacobian ideals, taking 
advantage of our inequality (14.5. ip . 
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Let (R, m, k) be a d- dimensional commutative complete local ring containing a field. Let 
A be a Noether normalization of R, that is, a formal power series subring k[[x\, . . . , Xd\], 
where system of parameters of R. Let R e = R ®a R be the enveloping 

algebra of R over A. Define a map fi : R e — > R by /i(a b) = ab for a,b E R. Then the 
ideal 91^ = /i(Ann# e Ker /x) of i? is called the Noether different of i? over A. We denote 
by 9T K the sum of 01^, where A runs through the Noether normalizations of R. 

Cohen's structure theorem yields an isomorphism 

R<*k[[x 1 ,...,x n ]]/(f 1 ,...,f m ). 

Identifying R with this quotient ring, we define the Jacobian ideal J as the ideal of R 
generated by the /i-minors of the Jacobian matrix (ff 1 ), where h is the height of the ideal 

(fi,---,fm) of k[[x 1 ,...,x n ]]. 

For an m-primary ideal I of R, we denote by e(J) the multiplicity of /, i.e., e(J) = 
lim n _ 5>00 -^£ R (R/ I n+1 ). Recall that R is said to be an isolated singularity if the local ring 
R v is regular for every nonmaximal prime ideal p of R. 

Proposition 5.15. Let {R,va, k) be a d- dimensional Cohen- Macaulay complete local ring 
containing a field, with k infinite and perfect. Suppose that R is an isolated singularity. 
Then one has inequalities 

tri. dim D b (mod R) < max{2, d + 1} • e(m R ) < max{2, d + 1} • e( J). 

Proof. We see from [34l Lemmas 4.3, 5.8 and Propositions 4.4, 4.5] and (35j Lemma (6.12)] 
that 91^ and J are m-primary ideals with J C OT^. The second inequality immediately 
follows from this. 

Let us prove the first inequality. Since k is an infinite field, we can choose a parameter 
ideal Q of R contained in such that e(yi R ) = £r(R/Q); see [161 Corollary 4.6.10 and 
Theorems 4.7.6, 4.7.10]. Let M be a Cohen-Macaulay -R-module. Using [311 Corollary 
5.13], we have QExt^(M, Q j M) = for 1 < z,j < d. By [331 Proposition 2.2] the module 
M is isomorphic to a direct summand of Q d (M/QM). Note that -R/Q is an artinian ring. 
Consider the composition series of R/Q: 

R/Q = h 2 h 2 • • • 2 h = 0, 

where / = £r(R/Q). There is a filtration 

M/QM = I (M/QM) D h(M/QM) D ■ ■ ■ D I^M/QM) = 

whose subquotients are /c-vector spaces. Decomposing this into short exact sequences and 
taking the <i-th syzygies, we observe that M belongs to (£l d k}f ( modi? \ Hence we obtain 
CM(R) C (n d k}f {modR \ and (I43TD yields equalities D 6 (modi?) = (fi d £;) max{2i(m} .i = 
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